Abstract. In this paper we discuss the relation between the unimodularity of a Lie algebroid τ A : A → Q and the existence of invariant volume forms for the hamiltonian dynamics on the dual bundle A * . The results obtained in this direction are applied to several hamiltonian systems on different examples of Lie algebroids.
H is the hamiltonian energy, the sum of the kinetic and the potential energy, then the solutions of the Hamilton equations for H are the integral curves of the hamiltonian vector field H form ν ∧ Λ. We remark that such a vector field is defined using the divergence of the hamiltonian vector fields on A * with respect to the volume ν ∧ Λ. The modular section defines a cohomology class in the cohomology complex of A with trivial coefficients. This cohomology class doesn't depend on the volumes ν and Λ and it is called the modular class of the Lie algebroid A. A is said to be unimodular if its modular class vanishes. The standard Lie algebroid τ T Q : T Q → Q is unimodular and a Lie algebra g is unimodular as a Lie algebroid over a single point if and only if it is unimodular in the classical sense, that is, the modular character of g is zero (for more details, see [3] and Section 3.2).
Using the modular class of the Lie algebroid τ A : A → Q we deduce the main results of the paper. In fact, if H : A * → R is a hamiltonian function of mechanical type, we prove the following facts:
• A is unimodular if and only if the hamiltonian dynamics preserves a volume form on A * of basic type.
We remark that a volume form Φ = eσν ∧ Λ on A * , withσ ∈ C ∞ (A * ), is of basic type ifσ is a basic function, that is,σ ∈ C ∞ (Q). The previous result generalizes Liouville's theorem (note that the standard Lie algebroid τ T Q : T Q → Q is unimodular).
• If the potential energy is constant then A is unimodular if and only if the hamiltonian dynamics preserves a volume form on A * . It is clear that if we apply this result to the particular case when A is a Lie algebra we recover Kozlov's theorem.
The paper is organized as follows. In Sections 2 and 3, we recall some definitions and results on Lie algebroids, hamiltonian dynamics and modular class which will be used in the rest of the paper. Section 4 contains the main results. In fact, in this section we discuss the relation between the unimodularity of a Lie algebroid A and the existence of invariant volumes for the hamiltonian dynamics on A * (see Theorem 4.1 and Corollaries 4.2 and 4.3). In Section 5, we apply the results of Section 4 to several hamiltonian systems on different examples of Lie algebroids. The paper ends with our conclusions and a description of future research directions.
Lie algebroids
2.1. Definitions and notation. Let τ A : A → Q be a vector bundle of rank n over a manifold Q of dimension m. Denote by Γ(τ A ) the space of sections of the vector bundle τ A : A → Q. Definition 2.1. A Lie algebroid structure on the vector bundle
on the space Γ(τ A ) and a vector bundle morphism ρ A : A → T Q, the anchor map, such that if we also denote by
is a Lie algebroid structure on the vector bundle τ A : A → Q it follows that
Moreover, if (q i ) are local coordinates in an open subset U of Q and {e α } is a basis of sections of the vector bundle τ −1 
These equations are called the local structure equations of the Lie algebroid with respect to the local coordinates (q i ) and the basis {e α }.
2.2.
Examples. Next, we will exhibit some examples of Lie algebroids.
The Atiyah algebroid associated with a principal G-bundle. Let p : Q → Q/G be a principal G-bundle. Then, we may consider the tangent lift of the principal action of G on Q and, it is wellknown that, the space of orbits of this action, T Q/G, is a real vector bundle over Q/G. The vector bundle projection τ T Q/G : T Q/G → Q/G is given by
Furthermore, the space of sections Γ(τ T Q/G ) may be identified with the set of G-invariant vector fields on Q. Thus, using that the Lie bracket of two G-invariant vector fields on Q also is G-invariant, we may define, in a natural way, a Lie bracket on the space
On the other hand, the anchor map ρ T Q/G : T Q/G → T (Q/G) is given by
where T p : T Q → T (Q/G) is the tangent map to the principal bundle projection p :
is called the Atiyah algebroid associated with the principal G-bundle p : Q → Q/G (see [11] ).
Note that if the Lie group G is trivial and p = id then the Atiyah algebroid may be identified with the standard Lie algebroid τ T Q : T Q → Q.
Another interesting particular case is when the manifold Q is the Lie group G. In this case, using that T G is diffeomorphic to the product manifold G × g (g being the Lie algebra of G), we deduce that the Atiyah algebroid T G/G may be identified with g (as a Lie algebroid over a single point).
Finally, if the principal G-bundle is trivial, that is,
p is the canonical projection on the second factor and the action of
then it is easy to prove that the quotient vector bundle τ T Q/G : T Q/G → Q/G may be identified with the vector bundle τ g×T M : g × T M → M. Under this identification, the Lie algebroid structure
for ξ, η ∈ g and X, Y ∈ X(M), [·, ·] g being the Lie bracket on g.
The Lie algebroid associated with a left infinitesimal action. Let g be a real Lie algebra of finite dimension and Φ : g → X(Q) be a left infinitesimal action of g on Q, that is, Φ is a R-linear map and
, for ξ, η ∈ g. Then, the trivial vector bundle τ A : A = g × Q → Q is a Lie algebroid. In fact, the anchor map
On the other hand, it is clear that the space of sections Γ(τ A ) may be identified with the set C ∞ (Q, g) of smooth functions from Q on g. Under this identification, the Lie bracket
The resultant Lie algebroid is called the Lie algebroid associated with the left infinitesimal action Φ (see [5] ).
The differential associated with a Lie algebroid. Let ([[·, ·]]
A , ρ A ) be a Lie algebroid structure on a vector bundle τ A : A → Q of rank n and τ A * : A * → Q be the dual vector bundle to τ A : A → Q. Then, one may introduce the corresponding differential as a R-linear map
We have that
. Thus, we can consider the corresponding cohomology groups
. . , n} (see [11] ). Moreover, if (q i ) are local coordinates on an open subset U of Q and {e α } is a basis of sections of the vector bundle τ
where {e α } is the dual basis of {e α } and ρ On the other hand, if X ∈ Γ(τ A ) one may define the Lie derivative operator
is the contraction by X, that is,
The linear Poisson structure associated with a Lie algebroid. Let ([[·, ·]]
A , ρ A ) be a Lie algebroid structure on the vector bundle τ A : A → Q. Then, on may define a R-linear bracket of functions
which is characterized by the following conditions
and
{·, ·} A * is a linear Poisson structure on A * , that is,
and (iii) {·, ·} A * is linear or, in other words, the bracket of two linear functions on A * is a linear function.
We will denote by Π A * the corresponding linear Poisson 2-vector on A * which is characterized by the following condition Π A * (dϕ, dψ) = {ϕ, ψ} A * (for more details, see [2] ).
If (q i ) are local coordinates on an open subset U of Q and {e α } is a basis of sections of the vector bundle τ
where (q i , p α ) are the corresponding local coordinates on A * and ρ i α , C γ αβ are the local structure functions of A.
Next, we will describe the linear Poisson structure on the dual vector bundle of some examples of Lie algebroids.
• If A is the standard Lie algebroid τ T Q : T Q → Q then the local structure functions of τ T Q : T Q → Q with respect to the local coordinates (q i ) on Q and the local basis { • If A is a real Lie algebra g of finite dimension then ρ A = ρ g is the zero map and {·, ·} g * is the Lie-Poisson structure on g * induced by the Lie algebra g (for the definition of this structure see, for instance, [13] ).
• If p : G × M → M is a trivial principal G-bundle then the dual vector bundle of the Atiyah algebroid τ g×T M : g × T M → M is the vector bundle τ g * ×T * M : g * × T * M → M and the linear Poisson structure on g * × T * M is just the product of the Lie-Poisson structure on g * and the canonical symplectic structure of T * M.
• If Φ : g → X(Q) is a left inifinitesimal action of a Lie algebra g on a manifold Q then the dual vector bundle of the corresponding action Lie algebroid is the vector bundle τ Q×g * : Q×g * → Q and the linear Poisson structure on Q × g * is characterized by the following conditions
and 
The solutions of the Hamilton equations for H are just the integral curves of H Π A * H . From (2.5) and (3.1), we deduce that the local expression of H
Thus, the Hamilton equations are
(for more details, see [9] ). If A is the standard Lie algebroid τ T Q : T Q → Q the Hamilton equations for H :
that is, the standard Hamilton equations (see, for instance, [1] ).
For a real Lie algebra g of finite dimension we have that the Hamilton equations for H : g * → R are dp
where c γ αβ are the structure constants of g with respect to a basis {e α }. Note that (3.3) are just the Lie-Poisson equations for H (see, for instance, [13] ).
If H : g * × T * M → R is a hamiltonian function on the dual bundle of the Atiyah algebroid τ g×T M : g × T M → M then the Hamilton equations for H are
where (p α , q i , p i ) are local coordinates on g * × T * M and c γ αβ are the structure constants of g with respect to a basis of g. (3.4) are just the Hamilton-Poincaré equations for H (see, for instance, [9] ).
Modular class of a Lie algebroid. Let ([[·, ·]]
A , ρ A ) be a Lie algebroid structure on a vector bundle τ A : A → Q of rank n with base manifold Q of dimension m.
We will assume that Q and the vector bundle τ A : A → Q are orientable. If α is a section of τ A * : A * → Q we will denote by α v ∈ X(A * ) the vertical lift of α. We recall that
Lemma 3.1. Let ν be a volume form on Q and Λ be a section of the vector bundle τ Λ n A : Λ n A → Q such that Λ(q) = 0, for all q ∈ Q. Then, there exists a unique volume form ν ∧ Λ on the dual bundle A * to the vector bundle τ A : A → Q such that
for α 1 , . . . , α n ∈ Γ(τ A * ) andZ 1 , . . . ,Z m vector fields on A * which are τ A * -projectable on the vector fields Z 1 , . . . , Z m on Q.
Proof. We can choose local coordinates (q i ) on an open subset U of Q and a basis of sections {e α } of the vector bundle τ
If (q i , p α ) are the corresponding local coordinates on A * then on the open subset τ
1 ∧ · · · ∧ dq m ∧ dp 1 ∧ · · · ∧ dp n .
A direct computation proves that (ν ∧ Λ) τ Suppose that ν is a volume form on Q and that Λ ∈ Γ(τ Λ n A ) satisfies Λ(q) = 0, for all q ∈ Q. Then, we can consider the modular vector field M ν∧Λ ∈ X(A * ) of the linear Poisson structure on A * with respect to the volume form ν ∧ Λ on A * . M ν∧Λ is given by of H with respect to the volume form ν ∧ Λ (see [17] ).
We have that M (ν∧Λ) is the vertical lift of a section M (ν,Λ) ∈ Γ(τ A * ), that is,
is the modular section of A with respect to ν and Λ (see [3, 17] ).
Denote by Ω Λ the section of the vector bundle τ Λ n A * : Λ n A * → Q characterized by
It follows that Ω Λ (q) = 0, for all q ∈ Q. Moreover,
where div Ω Λ X is the divergence of X with respect to Ω Λ , that is,
then, from (3.8), we deduce that
We also have the following result
(ii) The cohomology class of M (ν,Λ) doesn't depend on the chosen volumes ν and Λ. In fact,
The cohomology class of M (ν,Λ) is called the modular class of A.
The Lie algebroid τ A : A → Q is said to be unimodular if its modular class is zero, that is, there exists a real C ∞ -function on Q, σ : Q → R, such that
then, using (3.9), we deduce that
Next, we will discuss the unimodularity of some example of Lie algebroids. Let A be the standard Lie algebroid τ T Q : T Q → Q. Then, the linear Poisson structure on Π T * Q is induced by the canonical symplectic structure Ω T * Q . In addition, it is well-known that the hamiltonian vector fields on T * Q preserve the symplectic volume. Thus, the Lie algebroid τ T Q : T Q → Q is unimodular.
On the other hand, if g is a real Lie algebra of finite dimension then, from (3.9), it follows that the modular section of g with respect to Λ = e 1 ∧ · · · ∧ e n , {e α } being a basis of g, is just the modular character of g (see [3] ). Therefore, our notion of a unimodular Lie algebra coincides with the classical definition of a unimodular Lie algebra. Now, we consider an Atiyah algebroid τ g×T M : g × T M → M, with g a real Lie algebra of finite dimension and M a smooth manifold (see Section 2.2). Let ν be a volume form on M and {e a } be a basis of g. Denote by χ ν the m-vector on M given by
Then,
Moreover, from (3.8), it follows that
for X ∈ X(M), where M g is the modular character of g. Note that, in this case,
{e a } being the dual basis to {e a }.
Thus, the Lie algebroid τ g×T M : g × T M → M is unimodular if and only if the Lie algebra g is unimodular.
Finally, suppose that Φ : g → X(Q) is a left infinitesimal action of g on the manifold Q and that τ g×Q : g × Q → Q is the corresponding action Lie algebroid. Then, τ g×Q : g × Q → Q is unimodular if and only if there exists σ ∈ C ∞ (Q) such that
where ν is a volume form on Q and M g ∈ g * is the modular character of g. In particular, if g is a unimodular Lie algebra and the infinitesimal action preserves a volume form on Q then τ g×Q : g × Q → Q is a unimodular Lie algebroid.
Unimodularity and preservation of volumes

Let ([[·, ·]]
In this section we will assume that Q is orientable and that the vector bundle τ A : A → Q also is orientable. Now, suppose that G is a bundle metric on A and that V : Q → R is a real C ∞ -function on Q. Then, we can consider the hamiltonian energy H : A * → R given by
In other words, H is the sum of the kinetic energy and the potential energy. We will denote by Λ G ∈ Γ(τ Λ n A ) the volume induced by G, that is, Λ G is characterized by the following condition Λ We will fix a volume form ν on M. Then, if Φ is a volume form on A * we may suppose, without the loss of generality, that
The volume Φ is said to be of basic type ifσ is a basic function, that is, there exists a real
Note that this definition doesn't depend on the chosen volume form ν. In fact, one may prove that Φ is a volume form of basic type if and only if
L being the Lie derivative operator. Using the functionσ one may define the following objects:
where 0 : Q → A * is the zero section of τ A * :
Now, we will prove the main result of this paper.
Theorem 4.1. Let H : A * → R be the hamiltonian energy induced by a bundle metric G on A and a potential energy V : Q → R. (ii) Suppose that (q i ) are local coordinates on Q such that
and that {e 1 , . . . , e n } is a local orthonormal basis of Γ(A) with positive orientation. Then,
Moreover, if (q i , p α ) are the corresponding local coordinates on A * , we have that (see (4.1) and the proof of Lemma 3.1)
Thus, from (3.6), (3.7), (3.9) and (4.3), it follows that 0 = eσe
m ∧ dp 1 ∧ · · · ∧ dp n .
Therefore, using (3.2) and (4.3), we deduce that This implies that
In addition, since {e α } is an orthonormal basis, we have that ♭ G (e α ) = e α , for all α.
Thus, from (3.9) and (3.10), we deduce that 
Conclusions and outlook
We have proved that a hamiltonian system of mechanical type on the dual bundle to a Lie algebroid A preserves a volume form on A * of basic type if and only if A is unimodular. In addition, if the potential energy of the hamiltonian function is constant then we deduce that the hamiltonian dynamics preserves a volume form on A * (not necessarily of basic type) if and only if A is unimodular. These results generalize Liouville's theorem (see [1] ) and a previous result for Lie-Poisson equations which was proved by Kozlov [7] .
On the other hand, after we finished this paper, we obtained some examples of hamiltonian systems of mechanical type (with non-constant potential energy) on the dual bundle to a non-unimodular Lie algebroid which preserve a volume form of non-basic type. So, it would be interesting to discuss the existence of such volumes on non-unimodular Lie algebroids. This will be the subject of a separate publication.
Another goal we have proposed is to extend the results of this paper for non-holonomic mechanical systems on Lie algebroids (see [4] ). Previous results in this direction for some particular classes of Lie algebroids have obtained by several authors (see [6, 7, 8, 18] ).
